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This paper proposes an experimental methodology for estimating the thermal diffusivity � in a one-dimensional

half-space geometry based on two in situ positioned probes that can acquire temperature and the first- and second-

time derivatives of temperature. The thermal diffusivity is estimated at each sampled time by solving an nth-degree

polynomial in the thermal diffusivity. The degree of the � polynomial and the required order of the time-derivative

sensors depend on the chosen spatial truncation of the Taylor series. This approach does not require the specification

of the imposed surface boundary condition. Additionally, a novel sensitivity analysis is proposed for guiding sensor

placement that ensures a maximum, absolute sensitivity between the two probes, and it illustrates that a single point

in time can be identified whereby the thermal diffusivity can be accurately approximated in an analogous manner to

the determination of the time constant of a first-order system. Finally, the method is demonstrated with a numerical

simulation.

Nomenclature

C = heat capacitance, kJ=�kgK�
d = sensor position ratio, x2=x1
Foj = Fourier modulus at fixed position, �t=x2j , xj

(j� 1, 2)
Fo2;1 = Fourier modulus at spatial position x2 at maximum

absolute intersensitivity, ��t�=x22
k = thermal conductivity, W=�mK�
M = data sample size
q00o = surface heat flux,W=m2

q00 = heat flux,W=m2

T = temperature, �C
_T = sensor heating rate, �C=s
�T = sensor second-time derivative of temperature, �C=s2

To = initial condition, �C
Tref = reference temperature, Eq. (7b), �C
t = time, s
tp;2 = estimated penetration time at x� x2, s
t� = estimated time for maximum absolute

intersensitivity, s
u = dummy time variable, s
x = spatial coordinate, m
xj = probe location, j� 0; 1; 2; . . . ; m
Z� = sensitivity function, Eq. (4a), �C s=m2

� = thermal diffusivity, m2=s
�exact = exact thermal diffusivity, m2=s
�� = estimated thermal diffusivity from intersensitivity

analysis, m2=s
�k = random number between ��1; 1�, k� 1; 2; . . . ;M,

Eq. (12)
�t = sampling time, s
�Z� = intersensitivity function, Eq. (5a), �C s=m2

��� = modified intersensitivity function, Eq. (5b), �C
��� = dimensionless modified intersensitivity function,

Eq. (7a)
k���k1 = maximum dimensionless modified intersensitivity

function
"T = noise factor for temperature data, Eq. (12)
" _T = noise factor for heating-rate data, Eq. (12)
" �T = noise factor for second-time derivative of

temperature data, Eq. (12)
� = density, kg=m3

�� = modified sensitivity function, Eq. (4b), �C

I. Introduction

T HE accurate measurement of temperature, heat flux, and
thermophysical properties are basic quantities of interest in heat

transfer and aerothermodynamics. In many applications, these
quantities must be deduced or resolved from inverse methods based
on either function reconstruction or parameter estimation. This is a
nontrivial task since the reconstitution process is normally ill posed.
For example, in boundary condition reconstruction, interior temper-
ature measurement errors are amplified in the projection process
from the interior to the surface [1–4]. This process becomes worse as
the sampling rate is increased. Thus, novel approaches are required
for estimating the surface heat flux and temperature based on interior
measurements.

As part of the journey to resolve such problems, a common thread
has been identified for a stable reconstitution process involving
either function reconstruction or parameter estimation. This thread
involves the time derivative or time derivatives of temperature, and it
requires careful interpretation and proper representation when used
in the inversion process.Aerospace applications that can benefit from
this observation include 1) in situ methods for estimating heat flux,
2) in situ methods for locating the onset of transition in hypersonic
flows, and 3) in situ methods for estimating thermophysical prop-
erties involving both isotropic and anisotropic materials. This paper
offers a novel concept for the in situ measurement of thermal
diffusivity.

Section II presents motivation and background material germane
to the present contribution by suggesting that rate-based measure-
ments be pursued. Section III provides some recent sensor results
indicating that it is possible to fabricate an accurate rate-based sensor
using a voltage-rate interface that takes advantage of diffusion
theory. Section IV describes the novel concept of intersensitivity
analysis based on a multiprobe system. This analysis assists in
establishing guidelines for sensor placement in the estimation of the
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thermal diffusivity. Section V proposes a novel two-probe formul-
ation for estimating thermal diffusivity in a simple geometry that uses
higher time-derivative temperature sensors. Section VI presents
simulation results indicating the merit of such an approach. Finally,
Sec. VII provides some conclusions.

II. Motivation

To motivate the importance of a time-domain viewpoint to heat
flux, which is a key ingredient to the proposed methodology, we
present a synopsis of recent findings [1–4]. Before proceeding, let us
elucidate the differences between spatial (or space domain) and
temporal (or time domain) viewpoints on heatflux. The normal space
domain viewpoint of heat flux is based on 1) using a constitutive
relationship (Fourier’s law) for estimating the heat flux q00, irrespec-
tive of steady-state or transient conditions and 2) using Fourier’s law,
as approximated by q00 	 �k�T=�x, for heat flux gauge
development.

An alternative viewpoint for investigating transient problems lies
in the implementation of a time-domain analysis. A time-domain
viewpoint of heat flux is based on combining the general law
(conservation of energy) and constitutive relationship (Fourier’s law)
to form an integral relationship [1–4] between heat flux and
temperature in the time variable.

The time-domain view explicitly exposes the ill-posed nature
associated with recovering the heat flux by displaying the time rate of
change of temperature, @T=@t (�C=s).

Transient analysis is highly useful in arcjet and wind-tunnel
investigations. For example, heat flux is often estimated in arcjet
studies by using null-point calorimetry [5]. Null-point calorimetry
involves designing the well geometry for the probe to match the
surface temperature of the semi-infinite heat conduction problem. In
general, the heat flux q00�x; t� anywhere in the one-dimensional
semi-infinite geometry can be acquired from the integral relationship
[1–4]:

q00�x; t� � �
���������
�Ck

4�

r Z
t

u�0

T�x; u�
�t� u�3=2 du; x; t 
 0 (1a)

where T�x; t� can be viewed as the measured temperature (assuming
the sensor time constant is zero) at some point x 
 0. Without loss of
generality, the initial condition is assumed trivial; that is, To � 0�C.
Both null-point calorimetry [5] and thin film gauges [6,7] are often
analyzed using a similar expression but evaluated at x� 0.
Equation (1a) is actually the Hadamard equivalent [1] that involves
finite-part integration of

q00�x; t� �
���������
�Ck

�

r Z
t

u�0

@T

@u
�x; u� du�����������

t� u
p ; x; t 
 0 (1b)

which indicates that temperature data are implicitly differentiated
with respect to time since both expressions are equivalent under
Hadamard finite-part integration, as they both originate from the
identical heat equation. Reference [1] indicates that Eqs. (1a) and
(1b) can be directly derived without resorting to the Hadamard
interpretation. However, Hadamard finite-part integration is required
to directly arrive at Eq. (1a) from Eq. (1b). Recasting Eq. (1b) as
Eq. (1a) does not change the behavior of the inherent temperature
measurement error. However, it has been shown that the problem
statement is well posed if one could directly measure the heating rate
@T=@t without introducing numerical or analog differentiation. This
leads to new analog and digital filtering strategies [1] that assure the
proper representation of the heating rate. This mathematical fact, per
Eq. (1b), has often been overlooked by the research community.
Finally, it should be noted that Eq. (1a) can be expressed by the
Volterra integral equation of the first kind [1,8] for heat flux as

T�x; t� � 1������������
�k�C
p

Z
t

u�0

q00�x; u������������
t � u
p du; x; t 
 0 (1c)

Equation (1c) indicates that stability issues will dominate in the
reconstruction of the heat flux when provided with discrete, noisy

temperature data, since first-kind Volterra integral equations are
mildly ill posed [8]. Finally, the collection of thermophysical
properties

���������
k�C
p

is often called the coefficient of heat penetration or
thermal effusivity.

Frankel [1] and Frankel et al. [2–4] have developed a unified and
generalized system of multidimensional, semi-infinite heat flux-
temperature integral relationships for isotropic, orthotropic, and
anisotropic heat conduction, and they have investigated the effects of
noise [9] in the measured data on the prediction of heat flux.
Numerical differentiation [10,11] of noisy discrete data is known to
be ill posed as the sampling rate is increased for fixed time domain.

III. Sensor Results

Recently, Frankel et al. [12], Elkins et al. [13], andKruttiventi et al.
[14] have developed two highly accurate sensors involving well-
designed voltage-rate interfaces for estimating temperature T, the
first-time derivative of temperature _T, and the second-time derivative

of temperature �T. Here, the dots above the temperature T represent
time derivatives froma sensor. These sensors can be used for a variety
of real-time studies including the estimation of heat flux, locating
sudden changes in surface heat flux from an in-depth series of
measurements, and thermal management.

IV. Intersensitivity Analysis

Before proceeding to develop new relationships for estimating
thermal diffusivity, it appears beneficial to develop a sensitivity
analysis for guiding the experimental design process. In this section,
we offer a novel sensitivity analysis that offers significant insight into
sensor placement. It is based on a new principle involving inter-
sensitivity that is established between two thermocouples. The
rationale and development of this concept is now discussed in the
context of an idealized experimental setup. For demonstration pur-
poses, we consider the mathematically convenient one-dimensional
half-space geometry, as described in Fig. 1. The heat equation is
given by

1

�

@T

@t
�x; t� � @

2T

@x2
�x; t�; �x; t� 
 0 (2a)

subject to the idealized surface heat flux condition

q00�0; t� � q00o; t > 0 (2b)

and the uniform initial condition

T�x; 0� � To � 0�C; x 
 0 (2c)

From a Fourier cosine transform technique, we can obtain the
analytic solution [1]

x2 > x1 >x0=0

x = x1 x=x2x=xo

Imposed
Heat

Source

x2 > x1 >x0=0

Surface Thermocouple Embedded Thermocouples

Conduction into the body, q” (0,t)

X

Fig. 1 Schematic of one-dimensional half space with sensors.
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T�x; t� � 1������������
�Ck�
p

Z
t

u�0
q00�0; u� e

�fx2=�4��t�u��g�����������
t� u
p du; �x; t� 
 0

(3a)
or explicitly upon using Eq. (2b), we obtain

T�x; t� � q
00
o

k

����
�

�

r �
2

��
t
p
e��x

2=4�t� � x
����
�

�

r
erfc

�
x

2
�����
�t
p

��

�x; t� 
 0 (3b)

The explicit nature of the solution permits a direct sensitivity
analysis [15] to be performed. Let the sensitivity coefficient of
interest for this investigation be defined as

Z� ≜
@T

@�
�x; t;�� � q00o

��
t
p

k
�������
��
p e��x

2=4�t�; �x; t� 
 0 (4a)

and let the modified sensitivity coefficient [15] be defined as

�� ≜ �Z� � �
@T

@�
�x; t;�� � q

00
o

�����
�t
p

k
����
�
p e��x

2=4�t�; �x; t� 
 0

(4b)

Here, Z� has units of �C s=m2, while �� has units of �C. For
numerical demonstration purposes, let q00o � 106 W=m2, ��
3:75 � 10�6 m2=s, and k� 14:7 W=�mK�. These material proper-
ties are reminiscent of stainless steel while the heat flux can be
imposed from a laser. Figures 2 and 3 display the temperature T and
modified sensitivity function �� at the three indicated locations.
Observe that both functions display similar shapes and that�� does
not display a local absolute maximum. That is, the sensitivity
analysis does not provide an optimal point in time fromwhichwe can
extract the thermal diffusivity where the measurement errors least
affect the estimated value of the thermal diffusivity. However, let us
propose the following thought experiment involving two in-depth
thermocouples. With this construction, a direct (well-posed) mathe-

matical region exists between the two sensors (see Fig. 1, say x1 and
x2). This arrangement does not require any knowledge of the
imposed boundary condition at x� 0 in order to resolve the temper-
ature distribution between x1 and x2, since the two temperature data
streams define a region that is mathematically well posed (i.e., state
estimation). This is an additional benefit to the proposed approach, as
will be demonstrated in the next section.

The concept of intersensitivity is now developed based on the
proposed thought experiment. The objective is to develop an
analogous methodology for estimating the optimal placement of
sensors that follows from the time constant of a first-order system.
With this inmind, consider two thermocouple locations denoted as xj
and xj�1, where j� 0; 1; 
 
 
 and xj�1 > xj. Next, we define the
intersensitivity and modified intersensitivity functions as

�Z� ≜ Z��xj�1; t;�� � Z��xj; t;�� (5a)

and

��� ≜ ��Z� (5b)

respectively. Hence, we can explicitly express these functions as

�Z� ≜
@��T�
@�

� q00o
��
t
p

k
�������
��
p �e��x2j�1=4�t� � e��x2j =4�t��; t 
 0 (6a)

��� ≜ ��Z� � �
@��T�
@�

� q
00
o

�����
�t
p

k
����
�
p �e��x2j�1=4�t� � e��x2j =4�t��

t 
 0 (6b)

For demonstration purposes, let xj � j�x, and j� 0, 1, 2, 3, 4,
where �x� 5 mm, and continue with the previously defined
parameters.

Figure 4 displays a family of curves for ��� over various sensor
location pairings. Thisfigure indicates that a family of absolutemaxi-
mums results analogous to the thermocouple time constant example
previously described. Thus, it appears possible to locate the maxi-
mum intersensitivities through analytical minimization of Eq. (6b).

Before proceeding further, let us express our system in dimen-
sionless form for additional convenience and insight. Further, let us
reduce the sensor location notation to only involve sensors 1 and 2,
per Fig. 1, although they remain arbitrary in position.

Equation (6b) can be readily manipulated into the dimensionless
form

��� ≜
���

Tref
�

���������
Fo2

p
�e��1=4Fo2� � e��1=4Fo1��

�
���������
Fo2

p
�e��1=4Fo2� � e��1=4d2Fo2�� (7a)

where the reference temperature Tref and the Fourier number are
defined as
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Fig. 2 Temperature histories at the three indicated positions.

0 10 20 30 40

t (s)

400

300

200

100

0

x=0 mm

x=5 mm

x=10 mm

Φ
α

(º
C

) 

Fig. 3 Modified sensitivity function histories at the indicated locations.
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Fig. 4 Intersensitivity function histories at various location sets.
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Tref ≜
q00ox2
k
����
�
p (7b)

Foj ≜
�t

x2j
; j� 1; 2 (7c)

respectively, and where the probe distance ratio d is defined as

d� x2
x1

 1 (7d)

Thus, the dimensionless modified intersensitivity function ���
can be plotted, as shown in Fig. 5, against the Fourier modulus
associated with the deepest probe location x2 as a function of probe
distance ratio d. The maximum, absolute, dimensionless, modified
intersensitivity is denoted as k���k1, while Fo2;1 is the
corresponding Fourier time where this maximum occurs. Figure 6
displays k���k1 against d, while Fig. 7 shows Fo2;1 against d.
From these figures, we see that d� 2 is approximately 60% of the
rise and is representative of a nominal value since, as d grows beyond
this value, relatively little gain in sensitivity is displayed.

This novel analysis is pertinent to experimental design since it
provides guidance to sensor placement. For example, if d� 2, then
k���k1 � 0:206, from Fig. 6, while the corresponding Fourier
number is Fo2;1 	 0:2926, as obtained from Fig. 7.

V. Thermal Diffusivity

In this section, we provide the basic derivation for arriving at the
thermal diffusivity through the concept of rate-based sensing. To
derive a third-order-accurate approximation for thermal diffusivity,
we begin the process by recalling the Taylor series expansion about
the point x� x2 (per Fig. 1) as

T�x; t� � T�x2; t� �
@T

@x
�x2; t��x � x2� �

@2T

@x2
�x2; t�

�x � x2�2
2

� @
3T

@x3
�x2; t�

�x � x2�3
6

� 
 
 
 (8a)

q00�x; t� � q00�x2; t� �
@q00

@x
�x2; t��x � x2� �

@2q00

@x2
�x2; t�

�x � x2�2
2

� @
3q00

@x3
�x2; t�

�x � x2�3
6

� 
 
 
 (8b)

Fourier’s law and one-dimensional energy conservation are given
by

q00�x; t� � �k @T
@x
�x; t� (9a)

and

�C
@T

@t
�x; t� � � @q

00

@x
�x; t�; �x; t� 
 0 (9b)

respectively. Upon eliminating q00 or T, we can obtain the heat
equation in either temperature or flux as

1

�

@T

@t
�x; t� � @

2T

@x2
�x; t�; �x; t� 
 0 (10a)

or

1

�

@q00

@t
�x; t� � @

2q00

@x2
�x; t�; �x; t� 
 0 (10b)

respectively.
A third-order-accurate estimation for thermal diffusivity � is

obtained by expressing all spatial derivatives given in the Taylor
series [Eqs. (8a) and (8b)] in terms of temporal derivatives using
Eqs. (9) and (10), removing all heat flux terms through Eq. (1b),
evaluating x at x1, and incorporating a series of analytical manipul-
ations. After a lengthy but straightforward set of manipulations, we
arrive at

�2 � � �x2 � x1�2
2�T�x2; t� � T�x1; t��

@T

@t
�x2; t�

�
�
1� 2

�Z
t

u�0

@T

@u
�x2; u�

du�����������
t� u
p

�

.�Z t

u�0

�
@T

@u
�x2; u� �

@T

@u
�x1; u�

�
du�����������
t� u
p

��

� �1=2 �x2 � x1�3
6

����
�
p
�T�x2; t� � T�x1; t��

�
Z
t

u�0

@2T

@u2
�x2; u�

du�����������
t� u
p

�
1� 3

�Z
t

u�0

@T

@u
�x2; u�

du�����������
t� u
p

�

.�Z t

u�0

�
@T

@u
�x2; u� �

@T

@u
�x1; u�

�
du�����������
t� u
p

��

� �x2 � x1�4
6�T�x2; t� � T�x1; t��

@2T

@t2
�x2; t�

��Z
t

u�0

@T

@u
�x2; u�

du�����������
t� u
p

�

.�Z t

u�0

�
@T

@u
�x2; u� �

@T

@u
�x1; u�

�
du�����������
t� u
p

��
� 0; t 
 0 (11)
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Fig. 5 Absolute dimensionless modified intersensitivity function as a

function of the Fourier modulus for indicated values of d.
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Equation (11) is a fourth-degree polynomial equation in
���
�
p

.
Equation (11) illustrates that the time rate of change of temperature

sensors [13,14] (where @T=@t! _T and @2T=@t2 ! �T; i.e., analytic
development to actual sensor) can be used to acquire the thermal
diffusivity under constant property assumptions (small temperature
changes). In a practical situation, the objective would involve
developing the thermal diffusivity as a function of temperature. Thus,
a series of tests would be required to cover the temperature range of
interest. That is, a new initial condition can be establishedwith the aid
of an oven. thereby allowing the investigation to cover a large
temperature range. The physics of diffusion is quite helpful, as
high frequencies should be damped as penetration occurs. With
this in mind, analog and/or digital filtering of data is strongly
recommended.

VI. Results

This section presents a series of simulations illustrating the
theoretical concepts described in Secs. IV and V. A dimensionally
dependent variable is retained in this section for emulating
experimental conditions. Consider the simple situation where a
constant heat flux is imposed at x� 0, namely, q00�0; t� � q000 and
t > 0 subject to the initial condition, T�x; 0� � 0�C, x 2 �0;1�. The
temperature distribution in the half space is given by Eq. (3b). As a
specific example, let q000 � 106 W=m2, �� 3:75 � 10�6 m2=s,
k� 14:7 W=�mK�, x1 � 5 mm, and x2 � 10 mm (hence, d� 2).
This sensor placement permits a physically reasonable distance for
the sensor installation process, since holes of a diameter less than
1 mm are possible. Recall that the resulting temperature histories are
shown in Fig. 2. Figures 8 and 9 present the time histories for thefirst-
and second-time derivatives of temperature from Eq. (3b) at the
indicated locations. Observe that Eq. (11) does not require the
second-time derivative of temperature at x� x1.

Next, let us make use of the intersensitivity analysis to show that a
single point in time (optimal) estimation of thermal diffusivity is

theoretically possible under the idealized conditions. More
important, these estimated values of thermal diffusivity and optimal
time are used for guiding the degree of approximation mathemati-
cally developed in Sec. V. This will be shortly demonstrated.

Figure 10 demonstrates Eq. (11) as obtained using a rectangular
integration rule and a Newton–Raphson procedure at each sample
time step. Mathematica was used for all computations and graphics
on a Dell Latitude D600. The first- and second-order methods
(polynomials not given) are also displayed, showing that a third-
ordermethod is required in order to capture the time periodwhere the
maximum, absolute intersensitivity takes place, per Fig. 5. Figure 10
also illustrates both thermal penetration effects and truncation errors.
Penetration time [16] (time for the thermal signal to be physically
measured based on temperature at x2) is estimated from
�tp;2=x

2
2 � 0:075, which leads to tp;2 	 2 s. To further elaborate

on the concept of penetration time, the classical integral method [16]
can be used to solve the heat equation (in terms of temperature or heat
flux) for a semi-infinite medium at a uniform initial temperature
subject to a constant heat flux boundary at x� 0. If the heat flux is
assumed to have a fourth-degree polynomial profile, the integral
method solution for the dimensionless time required for the thermal
front to reach a depth d is Fo� 0:075. Thus, for t < 2 s, the
numerical results are meaningless. A third-order analysis is the best

choice for the chosen values of d-based and x2-based T, _T, and �T
sensors. A second-order analysis requires the same set of sensors. A

fifth-order analysis would require T, _T, �T, and T
:::
sensors. A fourth-

order analysis would require the same set of sensors as the fifth-order
analysis. Hence, odd orders of truncation are the most appropriate
choices for implementation.
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Fig. 8 Heating-rate histories at the indicated locations.
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k���k1 � 0:206 for d� 2. With this, a single-time evaluation at t� for

the thermal diffusivity, �� � 3:743 � 10�6 m2=s (recall, �exact�
3:75 � 10�6 m2=s) is attained. Observe, a slight curvature exists near

t� � 7:8 s on the � curve, indicating that truncation effects are still

observable when x1 � 5 mm and x2 � 10 mm.
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Figure 11 displays a two-vertical-axis plot illustrating how a
single-time-point evaluation can be acquired for estimating the
thermal diffusivity �� when a sufficient � polynomial is chosen. The
second vertical axis displays the FouriermodulusFo2. For d� 2, we
previously determined the maximum, absolute intersensitivity value
as k���k1 � 0:206 (from Fig. 6) and subsequently determined the
corresponding Fourier number as Fo2;1 	 0:2926 (from Fig. 7).
With this, we next determine the time t� at which this occurs. From
Fig. 11, t� 	 7:8 s corresponds to the time of maximum inter-
sensitivity for d� 2. Hence, we can estimate � by �� � 3:743�
10�6 m2=s, which is 0.19% less than the exact value. Even with
x1 � 5 mm and x2 � 10 mm, the third-order-accurate sensor
approximation levels out near the maximum, absolute intersensi-
tivity value.

Next, let us introducemeasurement error into the simulated sensor

data sets involving T, _T, and �T through

Tk� T�xi; tk� � "T�kkT�xi; t�k1; i� 1;2; k� 1;2; . . . ;M

_Tk� _T�xi; tk� � " _T�kk _T�xi; t�k1; i� 1;2; k� 1;2; . . . ;M

�Tk� �T�xi; tk� � " �T�kk �T�xi; t�k1; i� 1;2; k� 1;2; . . . ;M (12)

where "T � 0:005, " _T � 0:02, " �T � 0:04, and �k � random number
2 ��1; 1�.

Figures 12–14 present numerically simulated data for 1) the
temperature, 2) the heating rate, and 3) the second-time derivative of
temperature, where M� 200. Figure 15 indicates that the optimal
time for a single-point estimation of the thermal diffusivity occurs
near t� 	 7:88 s and attains the value of �� 	 3:71 � 10�6 m2=s,
which is a highly favorable result (1.07% less than the exact value) in
light of the ideal (exact) thermal diffusivity of �exact � 3:75�
10�6 m2=s. It may be noted that the average predicted thermal
diffusivity in the time span t 2 �10; 40� s in Fig. 15 is 3:81�
10�6 m2=s, which is 1.6% more than the exact value.

VII. Conclusions

The proposed in situ approach for estimating thermal diffusivity
has been theoretically considered, and a novel intersensitivity
analysis has been proposed. Based on the preliminary numerical
results, this approach represents a new methodology for estimating
thermal diffusivity based on a time-domain view of heat flux. In a
practical situation, the objective would involve developing the
thermal diffusivity as a function of temperature. Thus, a series of tests
would be required to cover the temperature range of interest. That is,
a new initial condition can be established with the aid of an oven,
thereby allowing the investigation to cover a large temperature range.
Our future work will include developing an experimental facility for
validating the proposed analysis.
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